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Abstract
We develop a non-Markovian full counting statistics formalism taking into account both
the sequential tunneling and cotunneling based on the exact particle number resolved time-
convolutionless master equation and the Rayleigh-Schro¨dinger perturbation theory. Then, in the
sequential tunneling regime, we study the influences of the quantum coherence and the cotunnel-
ing processes on the non-Markovian full counting statistics of electron tunneling through an open
quantum system, which consists of a side-coupled double quantum-dot system weakly coupled
to two electron reservoirs. We demonstrate that, for the strong quantum-coherent side-coupled
double quantum-dot system, the competition or interplay between the quantum coherence and the
cotunneling processes, in the sequential tunneling regime, determines whether the super-Poissonian
distributions of the shot noise, the skewness and the kurtosis take place (i.e., the Fano factor is
larger than one), and whether the sign transitions of the values of the skewness and the kurtosis
occur. These results suggest that, in the sequential tunneling regime, it is necessary to consider
the influences of the quantum coherence and the cotunneling processes on the full counting statis-
tics in the open strong quantum-coherent quantum systems, which provide a deeper insight into
understanding of electron tunneling through open quantum systems.
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I. INTRODUCTION
In an open quantum system, for an intermediate coupling strength between the open
quantum system and electron reservoir, the high-order tunneling processes, i.e., the cotun-
neling processes can influence the electron tunneling processes and bring out novel physical
properties. Therefore, the electron cotunneling in open quantum systems, especially quan-
tum dot (QD) systems, which is artificial molecules made from coupled QDs, and single
molecules have been extensively studied both experimentally [1–6] and theoretically [7–12].
Particularly, the shot noise [13–28] and the full counting statistics (FCS) [26, 29–31] of co-
tunneling in QD systems have attracted considerable attention due to they can allow one to
identify the intrinsic properties of the QD systems and access the information of electron cor-
relation that cannot be obtained through the average current measurements. For example,
in the Coulomb blockade regime, in which the transfer of electrons is dominated by cotun-
neling processes, it has been demonstrated experimentally [13–18] and theoretically [19–28]
that the transport current displays super-Poissonian shot noise, which indicates that the
super-Poissonian distribution of transferred-electron number and has a width being broader
than its mean.
On the other hand, the quantum coherence, characterized by the off-diagonal elements of
reduced density matrix of the considered system, also plays an important role in the electron
tunneling through the strong quantum-coherent systems [28, 32–38]. In particular, theoret-
ical studies have demonstrated that the non-Markovian effect of a strong quantum-coherent
system plays an important role in the non-equilibrium electron tunneling processes [39],
and manifests itself through the quantum coherence [38]. Consequently, in the intermediate
coupling strength case, the electron tunneling through an open quantum system are mainly
governed by the competitions or interplays between the cotunneling, sequential tunneling
and quantum coherence. In the Coulomb blockade regime, it has been demonstrated that
the electron cotunneling processes play a crucial role; whereas that, in the sequential tun-
neling regime where the transfer of electrons being dominated by sequential tunneling, has
a slightly influence on the conduction and shot noise [3, 27, 39, 40]. Outside the Coulomb
blockade regime, including the transition region from Coulomb blockade to sequential tun-
neling and the sequential tunneling regime, theoretical studies have demonstrated that the
cotunneling assisted sequential tunneling processes have an important influence on the con-
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duction [8, 22] and shot noise [21, 25]. However, in the sequential tunneling regime, the
influences of quantum coherence and the cotunneling assisted sequential tunneling processes
on the non-Markovian FCS has not yet been revealed.
In this work, we derive a non-Markovian FCS formalism taking into account both the
sequential tunneling and cotunneling based on the exact particle number resolved time-
convolutionless (TCL) master equation and the Rayleigh-Schro¨dinger perturbation theory
developed in references [41–43]. Then, in the sequential tunneling regime, we study the
influences of the quantum coherence and the cotunneling processes on the non-Markovian
FCS of electron tunneling through open quantum systems. For the sake of discussion, the
considered open quantum system consists of a side-coupled double quantum-dot system
weakly coupled to two electron electrodes (reservoirs). Here, the corresponding quantum
coherence can be tuned by modulating the hopping strength between the two QDs relative
to the coupling of this QD molecule with the source and drain electrodes. It is numerically
demonstrated that, for the strong quantum-coherent side-coupled double QD system, the
competition or interplay between the cotunneling processes and the quantum coherence, in
the sequential tunneling regime, can take place in a range of the QD-electrode coupling
strength and has a remarkable influence on the FCS. These characteristics depend on the
temperature and the left-right asymmetry of the QD-electrode coupling. Therefore, in the
open strong quantum-coherent quantum systems, it should be considered the effects of the
quantum coherence and the cotunneling processes on the FCS, even through the electron
tunneling is mainly dominated by the sequential tunneling processes.
II. MODEL AND FORMALISM
A. Hamiltonian of open quantum system and TCL master equations
We consider an open quantum system (OQS) weakly coupled to the two electrodes (reser-
voirs), which is described by the following Hamiltonian
H = Helectrodes +HOQS +Hhyb. (1)
Here, the first term Helectrodes =
∑
α,k,σ εαka
†
αkσaαkσ, characterized by the two noninteracting
reservoirs, stands for the Hamiltonian of the two electrodes, with εαk being the energy
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dispersion, and a†αkσ (aαkσ) the creation (annihilation) operators in the α electrode. The
second term HOQS = HS
(
d†µ, dµ
)
, which may contain vibrational or spin degrees of freedom
and different types of many-body interactions, represents the OQS Hamiltonian, where d†µ
(dµ) is the creation (annihilation) operator of electron in a quantum state denoted by µ.
The third term Hhyb =
∑
α,µ,k
(
tαµkd
†
µaαµk + t
∗
αµka
†
αµkdµ
)
, which is assumed to be a sum of
bilinear terms that each create an electron in the OQS and annihilate one in the electrodes
or vice versa, describes the tunneling coupling between the OQS and the two electrodes.
Due to the OQS-electrode coupling being sufficiently weak, thus, Hhyb can be treated
perturbatively. In the interaction representation, the equation of motion for the total density
matrix reads
∂
∂t
ρI (t) = −i
[
HIhyb (t) , ρ
I (t)
] ≡ L (t) ρI (t) , (2)
with
HIhyb (t) =
∑
α,µ
[
f †αµ (t) dµ (t) + fαµ (t) d
†
µ (t)
]
where
f †αµ (t) =
∑
k
t∗αµk exp (iHelectrodest) a
†
αµk exp (−iHelectrodest) (3)
dµ (t) = exp (iHOQSt) dµ exp (−iHOQSt) (4)
To derive an exact equation of motion for the reduced density matrix ρS of the OQS, it is
convenient to define a super-operator P according to
Pρ = trB [ρ]⊗ ρB = ρS ⊗ ρB, (5)
where ρB is some fixed states of the two electrodes. Accordingly, a complementary super-
operator Q,
Qρ = ρ− Pρ. (6)
For a factorizing initial condition ρ (t0) = ρS (t0)⊗ρB, Pρ (t0) = ρ (t0), and thenQρ (t0) =
0. Using the above TCL projection operator method, one can obtain the second-order and
the fourth-order TCL master equations [44]
∂
∂t
Pρ (t)
∣∣∣∣
sceond-order
= K2 (t)Pρ (t) =
∫ t
−∞
dt1PL (t)L (t1)Pρ (t) (7)
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∂∂t
Pρ (t)
∣∣∣∣
fourth-order
= K4 (t)Pρ (t) =
∫ t
−∞
dt1
∫ t1
−∞
dt2
∫ t2
−∞
dt3
× [PL (t)L (t1)L (t2)L (t3)P − PL (t)L (t1)PL (t2)L (t3)P
−PL (t)L (t2)PL (t1)L (t3)P − PL (t)L (t3)PL (t1)L (t2)P ]Pρ (t) (8)
Both Eqs. (7) and (8) are the starting point of deriving the particle number resolved quantum
master equation.
B. The second-order particle number resolved TCL master equation
In this subsection, we derive the second-order particle number resolved quantum master
equation based on Eq. (7). Using both Eqs. (2) and (5), Eq. (7) can be rewritten as
∂
∂t
ρI,S (t)
∣∣∣∣
sceond-order
= −
∑
αij
∫ t
−∞
dt1trB
[
ρI,S (t)⊗ ρBf †αj (t1) dj (t1) d†i (t) fαi (t)
]
−
∑
αij
∫ t
−∞
dt1trB
[
d†i (t) fαi (t) f
†
αj (t1) dj (t1) ρI,S (t)⊗ ρB
]
+
∑
αij
∫ t
−∞
dt1trB
[
f †αi (t) di (t) ρI,S (t)⊗ ρBd†j (t1) fαj (t1)
]
+
∑
αij
∫ t
−∞
dt1trB
[
d†i (t) fαi (t) ρI,S (t)⊗ ρBf †αj (t1) dj (t1)
]
+ H.c.. (9)
To fully describe the electron transport processes, the electron numbers, which emitted
from the source electrode and passed through the OQS and arrived at the drain electrode,
should be recorded. Following Refs. [45, 46], the Hilbert subspace B(n) (n = 1, 2, ...), which
corresponds to n electrons arriving at the drain electrode and spanned by the product of
all many-particle states of the two electrodes, is introduced and formally denoted as B(n) ≡
span
{
|ΨL〉(n) ⊗ |ΨR〉(n)
}
. Consequently, the entire Hilbert space of the two electrodes can
be expressed as B = ⊕nB(n). With this classification of the states of the two electrodes,
the average over states in the entire Hilbert space B in Eq. (9) should be replaced with the
states in the subspace B(n). Then, Eq. (9) can be expressed as a conditional TCL master
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equation
∂
∂t
ρ
(n)
I,S (t)
∣∣∣∣
sceond-order
= −
∑
αij
∫ t
−∞
dt1trB(n)
[
ρI,S (t)⊗ ρBf †αj (t1) dj (t1) d†i (t) fαi (t)
]
−
∑
αij
∫ t
−∞
dt1trB(n)
[
d†i (t) fαi (t) f
†
αj (t1) dj (t1) ρI,S (t)⊗ ρB
]
+
∑
αij
∫ t
−∞
dt1trB(n)
[
f †αj (t1) dj (t1) ρI,S (t)⊗ ρBd†i (t) fαi (t)
]
+
∑
αij
∫ t
−∞
dt1trB(n)
[
d†i (t) fαi (t) ρI,S (t)⊗ ρBf †αj (t1) dj (t1)
]
+ H.c.. (10)
Before proceeding, two physical considerations are implemented. (i) Instead of the con-
ventional Born approximation for the entire density matrix ρT (t) ' ρ (t) ⊗ ρB, the ansatz
ρI (t) ' ρ(n) (t) ⊗ ρ(n)B is proposed, where ρ(n)B being the density operator of two electrodes
associated with n electrons arriving at the drain electrode. With this ansatz for the entire
density operator (i.e., tracing over the subspace B(n)), Eq. (10) can be reexpressed as
∂
∂t
ρ
(n)
I,S (t)
∣∣∣∣
sceond-order
= −
∑
αij
∫ t
−∞
dt1trB(n)
[
f †αj (t1) fαi (t) ρB
]
ρ
(n)
I,S (t) dj (t1) d
†
i (t)
−
∑
αij
∫ t
−∞
dt1trB(n)
[
fαi (t) f
†
αj (t1) ρB
]
d†i (t) dj (t1) ρ
(n)
I,S (t)
+
∑
ij
∫ t
−∞
dt1trB(n)
[
fLi (t) f
†
Lj (t1) ρB
]
dj (t1) ρ
(n)
I,S (t) d
†
i (t)
+
∑
ij
∫ t
−∞
dt1trB(n)
[
fRi (t) f
†
Rj (t1) ρB
]
dj (t1) ρ
(n−1)
I,S (t) d
†
i (t)
+
∑
ij
∫ t
−∞
dt1trB(n)
[
f †Lj (t1) fLi (t) ρB
]
d†i (t) ρ
(n)
I,S (t) dj (t1)
+
∑
ij
∫ t
−∞
dt1trB(n)
[
f †Rj (t1) fRi (t) ρB
]
d†i (t) ρ
(n+1)
I,S (t) dj (t1) + H.c.. (11)
Here, we have used the orthogonality between the states in different subspaces. (ii) The
extra electrons arriving at the drain electrode will flow back into the source electrode via
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the external closed transport circuit. Additionally, the rapid relaxation processes in the
electrodes will bring the electrodes to the local thermal equilibrium states quickly, which are
determined by the chemical potentials. After the procedure done in Eq. (11), the density
matrices of two electrodes ρ
(n)
B and ρ
(n±1)
B should be replaced by ρ
(0)
B . In the Schro¨dinger
representation, Eq. (11) can be written as
∂
∂t
ρ
(n)
S (t)
∣∣∣∣
sceond-order
= −i
[
HS, ρ
(n)
S (t)
]
−
∑
αij
∫ t
−∞
dt1C
(+)
αji (t1 − t) ρ(n)S (t) e−iHS(t−t1)djeiHS(t−t1)d†i
−
∑
αij
∫ t
−∞
dt1C
(−)
αij (t− t1) d†ie−iHS(t−t1)djeiHS(t−t1)ρ(n)S (t)
+
∑
ij
∫ t
−∞
dt1C
(−)
Lij (t− t1) e−iHS(t−t1)djeiHS(t−t1)ρ(n)S (t) d†i
+
∑
ij
∫ t
−∞
dt1C
(−)
Rij (t− t1) e−iHS(t−t1)djeiHS(t−t1)ρ(n−1)S (t) d†i
+
∑
ij
∫ t
−∞
dt1C
(+)
Lji (t1 − t) d†iρ(n)S (t) e−iHS(t−t1)djeiHS(t−t1)
+
∑
ij
∫ t
−∞
dt1C
(+)
Rji (t1 − t) d†iρ(n+1)S (t) e−iHS(t−t1)djeiHS(t−t1) + H.c.. (12)
where the correlation functions are defined as
C
(+)
αij (t− t1) = trR
[
f †αi (t) fαj (t1) ρB
]
=
〈
f †αi (t) fαj (t1)
〉
, (13)
C
(−)
αij (t− t1) = trR
[
fαi (t) f
†
αj (t1) ρB
]
=
〈
fαi (t) f
†
αj (t1)
〉
. (14)
Introducing the following super-operators
A
(+)
αi (t) =
∑
j
∫ t
−∞
dt1C
(+)
αji (t1 − t) e−iHS(t−t1)djeiHS(t−t1), (15)
A
(−)
αi (t) =
∑
j
∫ t
−∞
dt1C
(−)
αij (t− t1) e−iHS(t−t1)djeiHS(t−t1), (16)
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then, Eq. (12) can be rewritten as a compact form
∂
∂t
ρ
(n)
S (t)
∣∣∣∣
sceond-order
= −i
[
HS, ρ
(n)
S (t)
]
−
∑
i
{
ρ
(n)
S (t)A
(+)
i (t) d
†
i + d
†
iA
(−)
i (t) ρ
(n)
S (t)− A(−)Li (t) ρ(n)S (t) d†i
−A(−)Ri (t) ρ(n−1)S (t) d†i − d†iρ(n)S (t)A(+)Li (t)− d†iρ(n+1)S (t)A(+)Ri (t) + H.c.
}
. (17)
where A
(±)
i (t) =
∑
αA
(±)
αi (t). The equation (17) is the starting point of the non-Markovian
FCS calculation taking into account the sequential tunneling processes only.
C. The fourth-order particle number resolved TCL master equation
In this subsection, we derive the fourth-order particle number resolved quantum master
equation based on Eq. (8). Using both Eqs. (2) and (5), Eq. (8) can be expressed as
∂
∂t
ρI,S (t)
∣∣∣∣
fourth-order
=
∫ t
−∞
dt1
∫ t1
−∞
dt2
∫ t2
−∞
dt3
∑
ijkl
×{trB [HI (t) , [HI (t1) , [HI (t2) , [HI (t3) , ρS ⊗ ρB]]]]
−trB [HI (t) , [HI (t1) , trB [HI (t2) , [HI (t3) , ρS ⊗ ρB]]⊗ ρB]]
−trB [HI (t) , [HI (t2) , trB [HI (t1) , [HI (t3) , ρS ⊗ ρB]]⊗ ρB]]
−trB [HI (t) , [HI (t3) , trB [HI (t1) , [HI (t2) , ρS ⊗ ρB]]⊗ ρB]] (18)
To further facilitate this derivation, the tunneling coupling between the OQS and the two
electrodes HIhyb (t) is rewritten as the following equation
HIhyb (t) =
∑
α,µ
Fαµ (t)Dµ (t) , (19)
with
Fαµ (t) =
∑
k
eiHelectrodestFαµke
−iHelectrodest,
Dµ (t) = e
iHdottDµe
−iHdott,
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where Fαµk = tαµkaαµk + t
∗
αµka
†
αµk, Dµ = dµ + d
†
µ. Inserting Eq. (19) into Eq. (18), one can
obtain [44]
∂
∂t
ρI,S (t)
∣∣∣∣
fourth-order
=
∫ t
−∞
dt1
∫ t1
−∞
dt2
∫ t2
−∞
dt3
∑
ijkl
{
C02C13
[
0̂,
[
1̂, 2̂
]
3̂ρS
]
−C02C31
[
0̂,
[
1̂, 2̂
]
ρS 3̂
]
+ C03C12
[
0̂,
[
1̂2̂, 3̂
]
ρS
]
−C03C12
[
0̂,
[
2̂, 3̂
]
ρS 1̂
]
− C03C21
[
0̂,
[
1̂, 3̂
]
ρS 2̂
]}
+ H.c., (20)
with
C02 =
∑
αik
trB [Fαi (t)Fαk (t2)] , C03 =
∑
αil
trB [Fαi (t)Fαl (t3)] ,
C12 =
∑
αjk
trB [Fαj (t1)Fαk (t2)] , C21 =
∑
αkj
trB [Fαk (t2)Fαj (t1)] ,
C13 =
∑
αjl
trB [Fαj (t1)Fαl (t3)] , C31 =
∑
αlj
trB [Fαl (t3)Fαj (t1)] ,
0̂ = Di (t) , 1̂ = Dj (t1) , 2̂ = Dk (t2) , 3̂ = Dl (t3) .
In the Schro¨dinger representation, Eq. (20) can be expressed as
∂ρS (t)
∂t
∣∣∣∣
fourth-order
= −i [HS, ρS (t)] +
∫ t
−∞
dt1
∫ t1
−∞
dt2
∫ t2
−∞
dt3
∑
ijkl
[I1 + I2 + II1 + II2 + II3 + H.c.] ,(21)
with
I1 = C02C13Die
−iLS(t−t1)Dje−iLS(t−t2)Dke−iLS(t−t3)DlρS (t)
+C02C13e
−iLS(t−t2)Dke−iLS(t−t1)Dje−iLS(t−t3)DlρS (t)Di
−C02C13Die−iLS(t−t2)Dke−iLS(t−t1)Dje−iLS(t−t3)DlρS (t)
−C02C13e−iLS(t−t1)Dje−iLS(t−t2)Dke−iLS(t−t3)DlρS (t)Di, (22)
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I2 = C02C31e
−iLS(t−t1)Dje−iLS(t−t2)DkρS (t) e−iLS(t−t3)DlDi
+C02C31Die
−iLS(t−t2)Dke−iLS(t−t1)DjρS (t) e−iLS(t−t3)Dl
−C02C31e−iLS(t−t1)Dje−iLS(t−t2)DkρS (t) e−iLS(t−t3)Dl
−C02C31e−iLS(t−t2)Dke−iLS(t−t1)DjρS (t) e−iLS(t−t3)DlDi, (23)
II1 = C03C12Die
−iLS(t−t1)Dje−iLS(t−t2)Dke−iLS(t−t3)DlρS (t)
+C03C12e
−iLS(t−t3)Dle−iLS(t−t1)Dje−iLS(t−t2)DkρS (t)Di
−C03C12Die−iLS(t−t3)Dle−iLS(t−t1)Dje−iLS(t−t2)DkρS (t)
−C03C12e−iLS(t−t1)Dje−iLS(t−t2)Dke−iLS(t−t3)DlρS (t)Di, (24)
II2 = C03C12Die
−iLS(t−t3)Dle−iLS(t−t2)DkρS (t) e−iLS(t−t1)Dj
+C03C12e
−iLS(t−t2)Dke−iLS(t−t3)DlρS (t) e−iLS(t−t1)DjDi
−C03C12Die−iLS(t−t2)Dke−iLS(t−t3)DlρS (t) e−iLS(t−t1)Dj
−C03C12e−iLS(t−t3)Dle−iLS(t−t2)DkρS (t) e−iLS(t−t1)DjDi, (25)
II3 = C03C21Die
−iLS(t−t3)Dle−iLS(t−t1)DjρS (t) e−iLS(t−t2)Dk
+C03C21e
−iLS(t−t1)Dje−iLS(t−t3)DlρS (t) e−iLS(t−t2)DkDi
−C03C21Die−iLS(t−t1)Dje−iLS(t−t3)DlρS (t) e−iLS(t−t2)Dk
−C03C21e−iLS(t−t3)Dle−iLS(t−t1)DjρS (t) e−iLS(t−t2)DkDi, (26)
Here, we define the super-operator LS as e−iHStOeiHSt ≡ e−iLStO. Now, we derive the
fourth-order particle number resolved quantum master equation based on Eq. (21). Without
loss of generality, we consider the case of Eq. (22). Considering the Hamiltonian HIhyb (t)
=
∑
α,µ
[
f †αµ (t) dµ (t) + fαµ (t) d
†
µ (t)
]
, the C02, C13 and Di,j,k,l have the following forms
C
(+)
02 =
∑
αik
trB
[
f †αi (t) fαk (t2)
]
, Di = di, Dk = d
†
k, (27)
10
C
(−)
02 =
∑
αik
trB
[
fαi (t) f
†
αk (t2)
]
, Di = d
†
i , Dk = dk, (28)
C
(+)
13 =
∑
αjl
trB
[
f †αj (t1) fαl (t3)
]
, Dj = dj, Dl = d
†
l , (29)
C
(−)
13 =
∑
αjl
trB
[
fαj (t1) f
†
αl (t3)
]
, Dj = d
†
j, Dl = dl, (30)
respectively. Therefore, the particle number resolved formation of Eq. (22) can be expressed
as follows
I1 = I1,n−1 + I1,n + I1,n+1, (31)
with
I1,n−1 =
+C
(−)
R,0,2C
(−)
L,1,3AkA
†
jAlρ
(n−1)
S (t) d
†
i + C
(−)
R,0,2C
(−)
R,1,3AkA
†
jAlρ
(n−1)
S (t) d
†
i
−C(−)R,0,2C(−)L,1,3A†jAkAlρ(n−1)S (t) d†i − C(−)R,0,2C(−)R,1,3A†jAkAlρ(n−1)S (t) d†i
+C
(−)
R,0,2C
(+)
L,1,3AkAjA
†
lρ
(n−1)
S (t) d
†
i + C
(−)
R,0,2C
(+)
R,1,3AkAjA
†
lρ
(n−1)
S (t) d
†
i
−C(−)R,0,2C(+)L,1,3AjAkA†lρ(n−1)S (t) d†i − C(−)R,0,2C(+)R,1,3AjAkA†lρ(n−1)S (t) d†i (32)
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I1,n =
+C
(−)
0,2 C
(−)
1,3 d
†
iA
†
jAkAlρ
(n)
S (t) + C
(−)
0,2 C
(+)
1,3 d
†
iAjAkA
†
lρ
(n)
S (t)
−C(−)0,2 C(−)1,3 d†iAkA†jAlρ(n)S (t)− C(−)0,2 C(+)1,3 d†iAkAjA†lρ(n)S (t)
+C
(+)
0,2 C
(−)
1,3 diA
†
jA
†
kAlρ
(n)
S (t) + C
(+)
0,2 C
(+)
1,3 diAjA
†
kA
†
lρ
(n)
S (t)
−C(+)0,2 C(−)1,3 diA†kA†jAlρ(n)S (t)− C(+)0,2 C(+)1,3 diA†kAjA†lρ(n)S (t)
+C
(−)
L,0,2C
(−)
L,1,3AkA
†
jAlρ
(n)
S (t) d
†
i + C
(−)
L,0,2C
(−)
R,1,3AkA
†
jAlρ
(n)
S (t) d
†
i
−C(−)L,0,2C(−)L,1,3A†jAkAlρ(n)S (t) d†i − C(−)L,0,2C(−)R,1,3A†jAkAlρ(n)S (t) d†i
+C
(−)
L,0,2C
(+)
L,1,3AkAjA
†
lρ
(n)
S (t) d
†
i + C
(−)
L,0,2C
(+)
R,1,3AkAjA
†
lρ
(n)
S (t) d
†
i
−C(−)L,0,2C(+)L,1,3AjAkA†lρ(n)S (t) d†i − C(−)L,0,2C(+)R,1,3AjAkA†lρ(n)S (t) d†i
+C
(+)
L,0,2C
(−)
L,1,3A
†
kA
†
jAlρ
(n)
S (t) di + C
(+)
L,0,2C
(−)
R,1,3A
†
kA
†
jAlρ
(n)
S (t) di
−C(+)L,0,2C(−)L,1,3A†jA†kAlρ(n)S (t) di − C(+)L,0,2C(−)R,1,3A†jA†kAlρ(n)S (t) di
+C
(+)
L,0,2C
(+)
L,1,3A
†
kAjA
†
lρ
(n)
S (t) di + C
(+)
L,0,2C
(+)
R,1,3A
†
kAjA
†
lρ
(n)
S (t) di
−C(+)L,0,2C(+)L,1,3AjA†kA†lρ(n)S (t) di − C(+)L,0,2C(+)R,1,3AjA†kA†lρ(n)S (t) di (33)
I1,n+1 =
+C
(+)
R,0,2C
(−)
L,1,3A
†
kA
†
jAlρ
(n+1)
S (t) di + C
(+)
R,0,2C
(−)
R,1,3A
†
kA
†
jAlρ
(n+1)
S (t) di
−C(+)R,0,2C(−)L,1,3A†jA†kAlρ(n+1)S (t) di − C(+)R,0,2C(−)R,1,3A†jA†kAlρ(n+1)S (t) di
+C
(+)
R,0,2C
(+)
L,1,3A
†
kAjA
†
lρ
(n+1)
S (t) di + C
(+)
R,0,2C
(+)
R,1,3A
†
kAjA
†
lρ
(n+1)
S (t) di
−C(+)R,0,2C(+)L,1,3AjA†kA†lρ(n+1)S (t) di − C(+)R,0,2C(+)R,1,3AjA†kA†lρ(n+1)S (t) di (34)
where
Aj = e
−iLS(t−t1)dj, A
†
j = e
−iLS(t−t1)d†j, (35)
Ak = e
−iLS(t−t2)dk, A
†
k = e
−iLS(t−t2)d†k, (36)
Al = e
−iLS(t−t3)dl, A
†
l = e
−iLS(t−t3)d†l . (37)
According to the procedure described above, one can obtain the particle-number-resolved
density matrices corresponding to Eq. (21), which is the starting point of the non-Markovian
FCS calculation taking the cotunneling processes into account. Therefore, the particle num-
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ber resolved quantum master equation taking into account both the sequential tunneling
and cotunneling can be written as
∂ρ
(n)
S (t)
∂t
= −i [HS, ρS (t)] + ∂ρ
(n)
S (t)
∂t
∣∣∣∣∣
sceond-order
+
∂ρ
(n)
S (t)
∂t
∣∣∣∣∣
fourth-order
(38)
D. FULL COUNTING STATISTICS
The FCS formalism based on Eq. (38) can be obtained from the cumulant generating
function (CGF) F (χ) [47]
e−F (χ) =
∑
n
P (n, t) einχ, (39)
where χ is the counting field, and P (n, t) =Tr
[
ρ
(n)
S (t)
]
. Thus, one has e−F (χ) =Tr[S (χ, t)]
by defining S (χ, t) =
∑
n ρ
(n)
S (t) e
inχ, where the trace is over the eigenstates of the OQS.
Since Eq. (38) has the following form
ρ˙
(n)
S = Aρ
(n)
S + C1ρ
(n+1)
S +D1ρ
(n−1)
S + C2ρ
(n+2)
S +D2ρ
(n−2)
S , (40)
then S (χ, t) satisfies
S˙ = AS + e−iχC1S + eiχD1S + e−2iχC2S + e2iχD2S ≡ LχS, (41)
where S is a column matrix, and A, C1, D1, C2 and D2 are five square matrices. Here,
for the second-order case C2 = D2 = 0, and the specific form of Lχ can be obtained by
performing a discrete Fourier transformation to the matrix elements of Eq. (38).
In the low frequency limit, the low order cumulants of transferred-electron number Ck
can be calculated based on Eq. (41) and the Rayleigh–Schro¨dinger perturbation theory
developed in Refs. [38, 41–43, 46–49]. Here, the first four cumulants are directly related to
the peak position (i.e., the average current 〈I〉 = eC1/t), the peak-width (i.e., shot noise
characterized by Fano factor C2/C1), the skewness (C3/C1) and the kurtosis (C4/C1) of
the distribution of transferred-electron number. In general, the shot noise, skewness and
kurtosis are represented by the Fano factors F2 = C2/C1, F3 = C3/C1 and F4 = C4/C1,
respectively.
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III. TRANSPORT THROUGH SIDE-COUPLED DOUBLE QD SYSTEM
A. Hamiltonian of the side-coupled double QD system
In order to facilitate discussions effectively, we consider a side-coupled double QD system
weakly connected to two metallic electrodes, see Fig. 1. For the sake of simplicity, we neglect
electron-spin. The Hamiltonian of the side-coupled double-QD system is described by
Hdot = ε1d
†
1d1 + ε2d
†
2d2 + U12nˆ1nˆ2 − J
(
d†1d2 + d
†
2d1
)
, (42)
where d†i (di) is the creation (annihilation) operator of an electron with energy εi in ith QD,
and U12 the interdot Coulomb repulsion between two electrons in different QDs. Here, we
assume that the intradot Coulomb interaction U →∞, thus, the double-electron occupation
in different QDs is permitted only. The last term of Hdot describes the hopping between
the two QDs with J being the hopping parameter. To facilitate the following calculation,
the eigenstates of Hdot are used to describe the electronic states of the side-coupled double
QD system. Here, The Hamiltonian Hdot can be diagonalized in the basis represented by
the electron occupation numbers of the QD-1 and the QD-2, i.e., |0〉1 |0〉2, |1〉1 |0〉2, |0〉1 |1〉2,
|1〉1 |1〉2. Consequently, the four eigenvalues of and the corresponding four eigenstates of the
side-coupled double QD system are given by [38]
Hdot |0〉 = 0, |0〉 = |0〉1 |0〉2 , (43)
Hdot |1〉± = ε± |1〉± , |1〉± = a± |1〉1 |0〉2 + b± |0〉1 |1〉2 , (44)
Hdot |2〉 = ε1,1 |2〉 , |2〉 = |1〉1 |1〉2 , (45)
with
ε± =
(ε1 + ε2)±
√
(ε1 − ε2)2 + 4J2
2
, (46)
ε1,1 = ε1 + ε2 + U12 (47)
and
a± =
∓J√
(ε± − ε1)2 + J2
, (48)
14
b± =
± (ε± − ε1)√
(ε± − ε1)2 + J2
. (49)
The electron distributions of the two metallic electrodes, in which the relaxation is as-
sumed to be sufficiently fast, are described by the equilibrium Fermi functions and the
corresponding Hamiltonian reads
Helectrodes =
∑
αk
εαka
†
αkaαk (50)
where a†αk (aαk) is the α-electrode electron creation (annihilation) operator with energy εαk
and momentum k.
The tunneling between the QD-1 and the two electrodes is described by
Hhyb =
∑
αk
(
tαka
†
αkd1 + t
∗
αkd
†
1aαk
)
, (51)
where the tunneling amplitudes tα and the density of states gα are assumed to be independent
of wave vector and energy, thus, the electronic tunneling rate can be characterized by Γα =
2pi|tα|2gα.
In the side-coupled double QD system, the quantum coherence can be tuned by modulat-
ing the magnitude of the hopping parameter J relative to the tunneling coupling strength
between the QD-1 and the two electrodes. In the case of J  Γ (Γ = ΓL + ΓR), the
hopping strength between the two QDs strongly modifies the internal dynamics, and the
off-diagonal elements of the reduced density matrix play an essential role in the electron
tunneling processes [35, 38, 50]; while in the regime J  Γ, the off-diagonal elements of the
reduced density matrix have very little influence on the electron tunneling processes [35]. In
the following calculation, the parameters of the side-coupled double QD system are taken as
ε1 = ε2 = 2.35, U12 = 4 and kBT = 0.1 (if not explicitly stated otherwise), where the unit
of energy is chosen as meV [51].
B. The side-coupled double QD system with strong quantum coherence
We first study the influences of the off-diagonal elements of the reduced density matrix,
namely, the quantum coherence, and the electron cotunneling processes on the FCS of elec-
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tron transport through this QD system with strong quantum coherence. For the side-coupled
double QD system, the quantum coherence has an important influence on the electron se-
quential tunneling processes in the bias voltage range in which the transitions between the
singly-occupied and empty-occupied eigenstates take place [35, 38]. Consequently, the fol-
lowing discussions focus on this bias voltage region, the applied bias voltage is here chosen
as Vb = 4.5 based on the parameters of the QD system. To determine the dependence of
the FCS on the quantum coherence and the electron cotunneling processes, we consider the
average current, shot noise, skewness and kurtosis as a function of the tunneling rate Γα for
the four different cases, (1) considering the diagonal elements of the reduced density matrix
in the sequential tunneling processes only, (2) considering the diagonal and off-diagonal el-
ements of the reduced density matrix in the sequential tunneling processes, (3) considering
the diagonal elements of the reduced density matrix in the cotunneling assisted sequen-
tial tunneling processes only, (4) considering the diagonal and off-diagonal elements of the
reduced density matrix in the cotunneling assisted sequential tunneling processes.
Figures 2, 3 and 4 show the influence of the temperature of the QD system on the first
four current cumulants with the different values of the left-right asymmetry of the QD-
electrode coupling ΓL/ΓR. In the case of the coupling of the QD-1 with the source-electrode
is stronger than that of the QD-1 with the drain-electrode, i.e., ΓL/ΓR > 1, we in Fig. 2
plot the first four current cumulants as a function of the tunneling rate ΓL with different
temperatures kBT at ΓL/ΓR = 10. We found that, in the Γ/J < 1 case, the electron
cotunneling processes play a essential role in determining the values of the shot noise and
high-order current cumulants; whereas in the Γ/J  1 case the quantum coherence plays
a crucial role in determining whether the Fano factors of the shot noise, the skewness and
the kurtosis are larger than one or not, see Fig. 2. In the case of the intermediate value of
Γ/J , the competition between the electron cotunneling processes and the quantum coherence
takes place. This leads to the formation of a crossover region, but the range of which depends
on the temperature kBT , see Fig. 2.
The underlying physics of the cotunneling effect can be understood in terms of the
cotunneling-induced redistribution of the occupation probabilities of the QD’s different
eigenstates. In the ΓL/ΓR = 10 case, the occupation probabilities of the two singly-occupied
eigenstates are much larger than that of empty-occupied eigenstate, leading to a relatively
long dwell time of the conduction electron before tunneling out the QD system. When
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Γ/J  1, the conduction electrons can tunnel back and forth between the two singly-
occupied eigenstates very rapidly, and then enhance the cotuneling processes induced by
the transitions between the doubly-occupied |2〉 and singly-occupied |1〉± eigenstates. Con-
sequently, the cotunneling processes can dramatically decrease and increase the occupation
probabilities of the singly-occupied and empty-occupied eigenstates with decreasing ratio of
Γ to J , respectively, see Figs. 5(a1)-5(a3). This indicates that the sequential-induced block-
ing of electron tunneling can be removed by the cotunneling processes, which leads to the shot
noise being decreased, see Figs. 2(b1)-2(b3). Whereas in the Γ/J  1 case the conduction
electrons can tunnel back and forth between the two singly-occupied eigenstates very slowly,
and then suppress the cotuneling processes. Thus, the quantum coherence has a very signif-
icant influence on the electron tunneling processes and the cotunneling-induced probability
distributions for the singly-occupied and empty-occupied eigenstates have a slight variation,
see Figs. 5(a1)-5(a3). In addition, the cotunneling-induced non-equilibrium electron distri-
bution depends on the temperature kBT , see Figs. 5(a1)-5(a3), which are responsible for
the slight influence of the cotunneling effect on the FCS with decreasing the temperature
kBT .
Compared with the ΓL/ΓR > 1 case, in the case of ΓL/ΓR ≤ 1, the range of the crossover
region is very small, which also depends on the temperature kBT , see Figs. 3 and 4. Particu-
larly, in the cases of ΓL/ΓR ≤ 1 and Γ/J  1, the interplay between the electron cotunneling
processes and the quantum coherence determine the FCS properties of transferred-electron
number, such as, whether the super-Poissonian distributions of the shot noise, the skewness
and the kurtosis (Fi > 1) occur or not, and whether the signs of the values of the skewness
and the kurtosis become negative from a positive value or not, see Figs. 3 and 4. In par-
ticular, the magnitudes and signs of the skewness and kurtosis characterize the asymmetry
of and the combined weight of the tails relative to the rest of the probability distribution of
transferred-electron number, respectively. Thus, they can provide much more information
for the counting statistics that the shot noise. Moreover, in the cases of ΓL/ΓR = 1 and
Γ/J  1, the behavior of the shot noise is mainly governed by the quantum coherence, see
Figs. 4(b1), 4(b2) and 4(b3). However, these characteristics also depend on the tempera-
ture kBT , i.e., the quantum coherence will play an essential role in the electron tunneling
processes with decreasing temperature, see Figs. 3(a3)-3(d3) and 4(a3)-4(d3).
These properties of the ΓL/ΓR ≤ 1 case can also be explained through the cotunneling-
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induced redistribution of the occupation probabilities. In the ΓL/ΓR = 0.1 case, the oc-
cupation probabilities of the two singly-occupied eigenstates are much smaller than that
of empty-occupied eigenstate, thus, the conduction electrons have a very short dwell time,
which is contrary to the ΓL/ΓR = 10 case. In the Γ/J  1 case, the two electron tun-
neling can occur through the cotunneling processes induced by the transitions between the
doubly-occupied |2〉 and singly-occupied |1〉± eigenstates and the succeed sequential pro-
cesses induced by the transitions between the singly-occupied |1〉± and empty-occupied |0〉
eigenstates. Thus, the cotunneling assisted sequential tunneling processes in the Γ/J  1
case still play a important role in determining the FCS. Additionally, in the Γ/J  1 case,
the cotunneling processes can further increase the occupation probability of the empty-
occupied eigenstate with decreasing ratio of Γ to J , see Figs. 5(b1)-5(b3). This effect can
further block the electron tunneling, then leading to the shot noise being relatively enhanced,
see Figs. 3(b1)-3(b3).
Figures 6 and 7 show the influence of the left-right asymmetry of the QD-electrode cou-
pling ΓL/ΓR on the first four current cumulants for a given temperature kBT = 0.1. In the
cases of ΓL/ΓR > 1 and Γ > J (the intermediate value), the range of the crossover region,
in which the electron cotunneling processes decrease the values of Fano factors while the
quantum coherence increase that of Fano factors, increases with increasing the ratio of ΓL
to ΓR, see Fig. 6. Whereas in the cases of ΓL/ΓR < 1 and Γ/J  1, the interplay between
the electron cotunneling processes and the quantum coherence has a relatively remarkable
influence on the high-order current cumulants with decreasing the ratio of ΓL to ΓR, and
determines whether the super-Poissonian distributions of the shot noise and the kurtosis
take place or not, and whether the transition of the skewness from positive to negative
values occurs or not, see Fig. 7. These results can also be understood with the help of
the redistribution of the occupation probability induced by the left-right asymmetry of the
QD-electrode coupling, see Fig. 8.
C. The side-coupled double QD system with weak quantum coherence
We finally discuss the influences of the electron cotunneling processes on the first four
current cumulants in the side-coupled double QD system with weak quantum coherence.
Here, the hopping parameter is thus chosen as J = 1. According to the parameters of the
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QD system, we choose the three fixed bias voltages, under which the different transitions
between the QD eigenstates participate in the electron tunneling processes, namely, Vb =
2.5 corresponding to the transitions between the singly-occupied |1〉− and empty-occupied
eigenstates, Vb = 4.5 corresponding to the transitions between the singly-occupied |1〉±
and empty-occupied eigenstates, and Vb = 6.5 corresponding to the transitions between the
singly-occupied |1〉± and empty-occupied eigenstates and the transitions between the doubly-
occupied |2〉 and singly-occupied |1〉+ eigenstates. In this situation, the properties of the first
four current cumulants are well determined by the electron cotunneling processes because
the quantum coherence indeed has a very small influence on the values of the first four
current cumulants, see Figs. 9 and 10. In the case of ΓL/ΓR > 1, the electron cotunneling
processes have a relatively obvious influence on the first four current cumulants, see Fig.
9; whereas in the case of ΓL/ΓR < 1 that have a slight influence on the first four current
cumulants, see Fig. 10. It is important to note that the electron cotunneling processes
do not change the intrinsic statistical properties of current cumulants, namely, whether the
super-Poissonian distribution of the current cumulants take place or not, and whether the
sign transitions of the values of the skewness and the kurtosis occur or not, see Figs. 9 and
10.
IV. CONCLUSIONS
We have developed an efficient non-Markovian FCS formalism taking into account both
the sequential tunneling and cotunneling processes, and studied the influences of the quan-
tum coherence and the cotunneling assisted sequential tunneling processes on the first four
current cumulants in a side-coupled double QD system. In the strong quantum-coherent side-
coupled double QD system, it is numerically demonstrated that, in the sequential tunneling
regime, the competition or interplay between the cotunneling processes and the quantum
coherence determines that whether the super-Poissonian distributions of the shot noise, the
skewness and the kurtosis take place, and whether the sign transitions of the values of the
skewness and the kurtosis occur. These characteristics depend on the temperature of the QD
system, the left-right asymmetry of the QD-electrode coupling, and the magnitude of the
coupling strengths. However, in the weak quantum-coherent side-coupled double QD sys-
tem, the cotunneling processes has a relatively slight influence on the statistical properties
19
of current cumulants, which also depends on the left-right asymmetry of the QD-electrode
coupling and the corresponding coupling strengths. Consequently, the dependence of the
FCS on the quantum coherence and the cotunneling processes is necessary to be considered
in the open strong quantum-coherent quantum systems, even through the electron tunneling
is mainly dominated by the sequential tunneling processes.
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L R
Right (drain) electrodeLeft (source) electrode
QD-1
QD-2
J
FIG. 1: (Color online) The open quantum system consists of a quantum-coherent-tunable side-
coupled single-level double quantum-dot (QD) system weakly coupled to two electron reservoirs
(electrodes). Here, J and Γα characterize the hopping between the two QDs and the tunneling
coupling between the QD-1 and the electrode α, respectively. The QD molecule possess strong
quantum coherence in the case of J  Γ (Γ = ΓL+ ΓR), whereas in the case of J  Γ that possess
weak quantum coherence.
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FIG. 2: (Color online) The average current 〈I〉, shot noise C2/C1, skewness C3/C1 and kurtosis
C4/C1 as a function of the tunneling rate ΓL with different temperatures of the QD system kBT
at ΓL/ΓR = 10, where Ck is the zero-frequency k-order cumulant of transferred-electron number.
Here, the four different cases are considered, namely, (1) considering the diagonal elements of
the reduced density matrix in the sequential tunneling processes only, denoted by second-order
diagonal, (2) considering the diagonal and off-diagonal elements of the reduced density matrix
in the sequential tunneling processes, denoted by second-order off-diagonal, (3) considering the
diagonal elements of the reduced density matrix in the cotunneling assisted sequential tunneling
processes only, denoted by fourth-order diagonal, (4) considering the diagonal and off-diagonal
elements of the reduced density matrix in the cotunneling assisted sequential tunneling processes,
denoted by fourth-order off-diagonal. In the case of Γ/J < 1, the properties of current cumulants
are mainly governed by the electron cotunneling processes; whereas in the case of Γ/J  1 that
are mainly governed by the quantum coherence. In the case of the intermediate value of Γ/J , the
competition between the electron cotunneling processes and the quantum coherence takes place,
which leads to the formation of a crossover region. However, the range of the crossover region
depends on the temperature kBT . The side-coupled double QD system parameters: 1 = 2 = 2.35,
J = 0.001, U12 = 4 and Vb = 4.5, where meV is chosen as the unit of energy.
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FIG. 3: (Color online) The average current 〈I〉, shot noise C2/C1, skewness C3/C1 and kurtosis
C4/C1 as a function of the tunneling rate ΓR with different temperatures of the QD system kBT at
ΓL/ΓR = 0.1. In the Γ/J  1 case, the interplay between the electron cotunneling processes and
the quantum coherence determines whether the super-Poissonian distributions of the shot noise
and the kurtosis (Fi > 1) occur, and whether the signs of the values of the skewness become
negative from positive values, which also depends on the temperature kBT . The notations and the
parameters of the QD system are the same as in Fig. 2.
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FIG. 4: (Color online) The average current 〈I〉, shot noise C2/C1, skewness C3/C1 and kurtosis
C4/C1 as a function of the tunneling rate ΓL with different temperatures of the QD system kBT
at ΓL/ΓR = 1. In the Γ/J  1 case, the quantum coherence plays an essential role in determining
whether the super-Poissonian shot noise takes place; whereas the interplay between the electron
cotunneling processes and the quantum coherence determines whether the super-Poissonian distri-
butions of the skewness and the kurtosis occur, and whether the signs of the values of the kurtosis
become a large negative from a small positive values, which depends on the temperature kBT . The
notations and the parameters of the QD system are the same as in Fig. 2.
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FIG. 5: (Color online) The occupation probabilities of the QD’s eigenstates as a function of the
tunneling rate ΓL (ΓR) with different values of the ratio of ΓL to ΓR and the temperature kBT .
The parameters of the QD system of (a1)-(a3), (b1)-(b3) and (c1)-(c3) are the same as in Figs. 2,
3 and 4, respectively.
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FIG. 6: (Color online) The average current 〈I〉, shot noise C2/C1, skewness C3/C1 and kurtosis
C4/C1 as a function of the tunneling rate ΓL with different values of the ratio of ΓL to ΓR at
ΓL > ΓR and kBT = 0.1. In the crossover region, the electron cotunneling processes decrease the
values of Fano factors, while the quantum coherence increase that of Fano factors. However, the
range of the crossover region increases with increasing the ratio of ΓL to ΓR. The notations and
the parameters of the QD system are the same as in Fig. 2.
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FIG. 7: (Color online) The average current 〈I〉, shot noise C2/C1, skewness C3/C1 and kurtosis
C4/C1 as a function of the tunneling rate ΓR with different values of the ratio of ΓL to ΓR at
ΓL < ΓR and kBT = 0.1. In the Γ/J  1 case, the interplay between the electron cotunneling
processes and the quantum coherence determines whether the super-Poissonian distributions of the
shot noise and the kurtosis take place, and whether the transition of the skewness from positive
to negative values occurs. The notations and the parameters of the QD system are the same as in
Fig. 2.
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FIG. 8: (Color online) The occupation probabilities of the QD’s eigenstates as a function of the
tunneling rate ΓL (ΓR) with different values of the ratio of ΓL to ΓR. The parameters of the QD
system of (a1)-(a3) and (b1)-(b3) are the same as in Figs. 5 and 6, respectively.
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FIG. 9: (Color online) The average current 〈I〉, shot noise C2/C1, skewness C3/C1 and kurtosis
C4/C1 as a function of the tunneling rate ΓL with different bias voltages Vb at kBT = 0.1 and
ΓR = 0.001. Here, the three fixed bias voltages, under which the different transitions involved
in the electron tunneling, are considered, namely, (1) Vb = 2.5 corresponding to the transitions
between the singly-occupied |1〉− and empty-occupied eigenstates, (2) Vb = 4.5 corresponding to
the transitions between the singly-occupied |1〉± and empty-occupied eigenstates, (3) Vb = 6.5
corresponding to the transitions between the singly-occupied |1〉± and empty-occupied eigenstates,
and the transitions between the doubly-occupied |2〉 and singly-occupied |1〉+ eigenstates. In the
case of ΓL/ΓR > 1, the electron cotunneling processes have a relatively obvious influence on the
first four order current cumulants. The other notations and the parameters of the QD system are
the same as in Fig. 2.
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FIG. 10: (Color online) The average current 〈I〉, shot noise C2/C1, skewness C3/C1 and kurtosis
C4/C1 as a function of the tunneling rate ΓR with different bias voltages Vb at kBT = 0.1 and
ΓL = 0.001. In the case of ΓL/ΓR < 1, the electron cotunneling processes have a slight influence on
the first four order current cumulants. The other notations and the parameters of the QD system
are the same as in Fig. 2.
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